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We study exact impulsive gravitational waves propagating in anti-de Sitter spacetime in the
context of the ghost free infinite derivative gravity. We show that the source-free theory does not
admit any AdS pp-wave solutions other than that of Einstein’s general relativity. The situation is
significantly different in the presence of sources. We construct impulsive-wave solutions of the infinite
derivative gravity generated by massless particles and linear sources in four and three dimensions.
The singularities corresponding to distributional curvature at the locations of the sources get smeared
by the non-localities. The obtained solutions regular everywhere. They reduce to the corresponding
solutions of general relativity in the infrared regime and in the local limit.
I. INTRODUCTION
Einstein’s general relativity (GR) has surpassed all ob-
servations from solar system tests to gravitational waves
so far [1]. However, it is not well constrained at short
distances, i.e., in the ultraviolet regime (UV). Newton’s
1/r-potential was experimentally tested up to approxi-
mately 5 µm [2], which corresponds to 0.001 eV. Beyond
these scales, gravitational interaction has not been con-
strained by direct experiments. Furthermore, as one ap-
proaches the short distances, GR has several problems.
From the classical point of view, it suffers from the pres-
ence of spacetime singularities [3]; at the quantum level,
it fails to be perturbatively renormalizible.
It has been known for a while that non-local terms ac-
tions can improves UV behavior. Non-local theories con-
taining form factors with an infinite number of deriva-
tives have brought considerable interest in the context of
quantum field theories [4–11] and quantum gravity [12–
16]. In particular, it was shown that infinite derivative
gravity (IDG) may resolve cosmological [17] and black
hole singularities [18]. In order to avoid introducing
ghost-like instabilities, the form factors are chosen as an-
alytic functions with no roots in the complex plane (i.e.,
exponential of entire functions), see [12, 13, 18]. More-
over, the form factor of such a non-local action emerges
from the world line approximation of one-loop amplitude
in string theory [19, 20]. There were also first attempts
in studying initial value problem of IDG using diffusion
equation method [21, 22] and constructing perturbative
Hamiltonian [23] using non-local Hamiltonian formalism
of [24, 25].
Recently, there has been further progress in finding so-
lutions of linearized IDG. It was shown that IDG may
avoid not only black-hole type singularities [26–33], but
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also topological defects such as p-branes [34], cosmic
strings [35], and NUT-like singularities [36]. The exact
pp-wave solutions have been studied in [37].
In this paper, we study generalised pp-wave solutions
in anti-de Sitter (AdS) spacetimes, the AdS pp-waves,
in the context of the ghost-free infinite derivative grav-
ity presented in [38, 39]. The main focus of this work
are the impulsive waves, which have been studied exten-
sively in GR with a cosmological constant [40–46]. These
solutions are generated by null sources with Dirac-delta
stress-energy tensor. The impulsive-wave solution of IDG
corresponding to a massless point particle was obtained
in [37]. Here, we follow up by extending the analysis
to the AdS spacetime in four and three dimensions. We
illustrate how the non-locality affects the gravitational
waves in AdS if the sources are absent or present.
The lay-out of the paper is as follows: In Sec. II, we
briefly review the ghost-free infinite derivative gravity.
In Sec. III, we study the AdS pp-wave solutions in the
source-free case. Sec. IV and Sec. V are dedicated to the
constructions of the impulsive gravitational waves of IDG
in 3 + 1 and 2 + 1 dimensions, respectively. In Sec. VI,
we conclude with a brief discussion of our results. Sup-
plementary material is attached to the appendices.
II. INFINITE DERIVATIVE GRAVITY
The most general quadratic in curvature (parity-
invariant, and torsion-free) theory of IDG in four dimen-
sions with a cosmological constant Λ, [17, 18, 38, 39] is
given by the Lagrangian density1
L =
√−g
16piG
[
R− 2Λ + αc
(
RF1(s)R+RµνF2(s)Rµν
+CµνρσF3(s)Cµνρσ
)]
,
(2.1)
1 We use mostly positive metric signature, (−,+,+,+).
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2where G = M−2p is Newton’s gravitational constant,
s ≡ /M2s , and αc = 1/M2s . The dimensionful con-
stant Ms is the scale of non-locality at which non-local in-
teractions become manifest. In the local limit, Ms →∞,
the theory reproduces Einstein’s general relativity. The
form factors Fi(s) are analytic functions of d’Alembert
operator  ≡ gµν∇µ∇ν ,
Fi(s) ≡
∞∑
n=0
fi,n
n
M2ns
, (2.2)
where fi,n are dimensionless coefficients. The form
factors give rise to non-local gravitational interactions.
They are crucial to make the theory ghost-free, and the
analyticity is required for obtaining the low energy limit
similar to that of GR. The equations of motion for the
action (2.1) are given in Appendix A.
III. ADS PP-WAVE SPACETIMES IN IDG
The field equations of the infinite derivative gravity are
very complicated [47], so a mere attempt of finding exact
solutions to the theory is an extremely daunting task.
To handle the situation, we focus on the AdS pp-wave
metric ansatz, which can be written in the Kerr-Schild
form,2
gµν = g¯µν + 2Hλµλν , (3.1)
where g¯µν denotes the AdS background metric, and H is
a scalar function that satisfies λµ∂µH = 0. Here, λµ is a
non-expanding, non-twisting, and shear-free null vector
satisfying
λµλµ = 0, ∇µλν = ξ(µλν), ξµλµ = 0. (3.2)
Due to the fact that the curvature scalar R is constant,
there is no contribution from the non-local form factor
RF1(s)R to the field equations except a constant term.
In addition, the Ricci tensor becomes [51–53]
Rµν = − 3
`2
gµν + λµλνOH, (3.3)
where ` is the AdS radius and O denotes the operator
O ≡ −
(
+ 2ξµ∂µ +
1
2
ξµξµ − 4
`2
)
. (3.4)
Furthermore, one should note that the traceless Ricci
tensor takes the form
Sµν = λµλνOH, (3.5)
2 For detailed properties of AdS pp-waves and the Kerr-Schild met-
rics, we refer the reader to [48–51].
which is of the type N in the aspect of null alignment clas-
sification [54, 55]. Moreover, one can derive the following
formulas for the (repeated) action of the d’Alembert op-
erator [52]:
(λµλνH) = ¯(λµλνH) = −λµλν
(
O + 2
`2
)
H
nSµν = ¯nSµν = (−1)n λµλν
(
O + 2
`2
)n
OH,
(3.6)
where ¯ = g¯µν∇µ∇ν is the AdS background d’Alembert
operator. Throughout the calculations, one needs to use
the following identity of higher-order derivative of the
Weyl tensor:
∇µ∇νnCµανβ = 1
2
(
+ R
3
)n(
− R
3
)
Sαβ . (3.7)
By using the recursive relations above, one can easily
convert the field equations of the IDG for the AdS pp-
wave metric to a rather simple form,(
Λ+
3
`2
)
gµν+
[
1+αc
[(
2f1,0+
f2,0
2
)
R+
(
¯+ 2
`2
)
F2(¯s)
+2F3
(
¯s− 4
M2s `
2
)(
¯+ 4
`2
)]]
Sµν = 0.
(3.8)
The trace part of the equation determines the cosmolog-
ical constant in terms of the AdS radius:
Λ = − 3
`2
. (3.9)
Note that (3.8) reduces to the field equations for pp-
waves on Minkowski background [37] in the limit `→∞
(i.e., Λ→ 0). The traceless part of the field equations
yields non-local equations[
1 + αc
[
− 12
`2
(
2f1,0 +
f2,0
2
)
+
(
¯+ 2
`2
)
F2(¯s)
+ 2F3
(
¯s − 4
M2s `
2
)(
¯+ 4
`2
)]](
¯+ 2
`2
)
λµλνH = 0.
(3.10)
It is important to stress here that the full equations
for AdS pp-waves (3.10) are equivalent to the lin-
earized field equations for the Kerr-Schild perturbations
hµν = gµν − g¯µν = 2Hλµλν . Therefore, the solutions of
the full equations that we obtain below are also solutions
of the linearized equations for the transverse-traceless
fluctuations around AdS background.
To ensure that the theory has no extra degrees of free-
dom and no ghosts on the AdS background, we choose
the form factors [39]:
F1(s) = F2(s) = 0,
F3(s) = 1
2
e
−(s+ 6`2M2s ) − 1
s + 8`2M2s
.
(3.11)
3The AdS pp-wave equation (3.10) then turns into
e
−(¯s+ 2M2s `2 )
(
¯+ 2
`2
)
λµλνH = 0. (3.12)
Let us write AdS pp-wave metric [56] using the null co-
ordinates, u = (x− t)/√2 and v = (x+ t)/√2,
ds2 =
`2
z2
(
2dudv + dy2 + dz2
)
+ 2H(u, y, z)du2, (3.13)
where z = 0 corresponds to the conformal infinity of AdS
spacetime. In these coordinates, ξµ = 2z
−1δzµ, and, thus,
O = −
(
¯+ 4z
`2
∂z − 2
`2
)
, ¯ = z
2
`2
∂2−2z
`2
∂z−4z
2
`2
∂u∂v,
(3.14)
where we introduced ∂2 ≡ ∂2y + ∂2z .
Employing the first formula of (3.6), the field equations
(3.12) reduce to
e
− z2∂2+2z∂z−2
M2s `
2
(
z2∂2 + 2z∂z − 2
)
H = 0. (3.15)
This equation can be solved using the eigenvalue method
described in [57]. Let us consider the eigenvalue problem
of the operator in the round brackets,(
z2∂2 + 2z∂z − 2
)
Hw = −w2Hw, (3.16)
whereHw are eigenfunctions and w are the corresponding
eigenvalues. By acting with the full non-local operator
on Hw, we obtain
e
− z2∂2+2z ∂z−2
M2s `
2
(
z2∂2+2z∂z−2
)
Hw = −e
w2
M2s `
2 w2Hw.
(3.17)
The general solution H of the linear equation (3.15)
is a superposition of such functions Hw for which
ew
2/M2s `
2
w2 = 0. Since the exponential has no roots in
the complex plane, the only solution is the function H0
(the eigenvalue w = 0). Therefore, the original equation
effectively reduces just to the equation(
z2∂2 + 2z∂z − 2
)
H = 0. (3.18)
In other words, the only AdS pp-wave solutions of the
source-free theory are those of the Einstein’s general rel-
ativity.3 The solutions of (3.18) are well known [50, 58],
H(u, y, z) = z−
1
2
(
c1I 3
2
(ξz) + c2K 3
2
(ξz)
)
sin(ξy + c3),
(3.19)
where, ξ and ci are functions of the null coordinate u.
The functions I3/2 and K3/2 are modified Bessel func-
tions of the first and second kind, respectively.
3 This is true also in the Minkowski background, which was studied
in [37]. The source-free solution presented in [37] is incorrect
because of a mistake in the Fourier transform.
In fact, this result is expected since the source-free
theory is not affected by non-localities if the equations
of motion are linear, which is exactly the case of the
field equations with the AdS pp-wave metric ansatz. In
order to see the non-local effects, we need to consider the
field equations with a non-zero source. The equations
derived above remain intact in the presence of non-zero
null sources Tµνdx
µdxν = Tuudu
2.
IV. IMPULSIVE WAVES IN 3+1 DIMENSIONS
In this section, we will search for impulsive gravita-
tional waves4 that are generated by massless sources in
IDG. Since we put a non-zero stress-energy on the right-
hand side of equations of motion, we can expect that
the resulting solutions will be affected by the presence of
non-local form-factors with infinite derivatives.
A. Massless point-like source
Let us begin with the impulsive AdS pp-wave metric,
ds2 =
`2
z2
(
2dudv + dy2 + dz2
)
+ 2δ(u)H(y, z)du2, (4.1)
and consider a massless point particle traveling in the
positive x-direction with momentum pµ = E(δµt + δ
µ
x ).
Such a particle is described by a source with stress-energy
tensor Tuu = Ez
2
0`
−2δ(u)δ(y)δ(z−z0). The AdS pp-wave
equation then reads
e
− z2∂2+2z∂z−2
M2s `
2
(
z2∂2+2z∂z−2
)
H(y, z) = −Lδ(y)δ(z−z0),
(4.2)
where we introduced the constant L = 16piGEz20 . Let us
recall that the homogeneous solution is given by (3.19).
Since it is the same for the local as well as non-local
theory, we will focus on finding a particular solution only.
In order to solve (4.2), we first take the Fourier trans-
form in coordinate y,5
e
− z
2∂2z+2z∂z−k2z2−2
M2s `
2
(
z2∂2z+2z∂z−k2z2−2
)
Hˆ(k, z)
= − L√
2pi
δ(z − z0).
(4.3)
Using the substitution Hˆ(k, z) = V (k, z)/
√
z, we can
rewrite this equation as
e−A(k)/M
2
s `
2A(k)V (k, z) = −L
√
z0√
2pi
δ(z − z0) , (4.4)
4 For the details on the impulsive gravitational waves in GR with
a cosmological constant, see [40–46].
5 Our convention for the Fourier transform is:
fˆ(k) =
1√
2pi
∫
R
dx f(y)e−iky , f(y) =
1√
2pi
∫
R
dk fˆ(k)eiky .
4where we introduced the k-dependent operator
A(k) ≡ z2∂2z+2z∂z−k2z2−2 . (4.5)
Similar to the homogeneous case, we will first study the
eigenvalue problem for this operator. Assuming k > 0,
one can show that
A(k)Kiβ(kz) = −(β2 + 9/4)Kiβ(kz) , (4.6)
where Kiβ are modified Bessel functions of imaginary or-
der. In order to make further progress, it is essential to
express the right-hand side of (4.4) in terms of the eigen-
functions Kiβ(kz). Fortunately, this is possible thanks
to the identity presented in [59],
δ(z−z0) = 2
pi2z0
∫ ∞
0
dβ β sh(piβ)Kiβ(kz0)Kiβ(kz) , (4.7)
for arbitrary k > 0. Thus, we can write
V (k, z) = −L
√
z0√
2pi
eA(k)/M
2
s `
2
A(k) δ(z − z0)
=
√
2L
pi
5
2
√
z0
∫ ∞
0
dβ
e−(β
2+9/4)/M2s `
2
β2 + 9/4
β sh(piβ)
×Kiβ(kz0)Kiβ(kz) .
(4.8)
After taking the inverse Fourier transform, the particular
solution of (4.2) takes the form of the integral
H(y, z)=
16GEz
3
2
0
pi2
√
z
∫
R
dk
∫ ∞
0
dβ
e−(β
2+9/4)/M2s `
2
β2 + 9/4
β sh(piβ)
×Kiβ(|k|z0)Kiβ(|k|z)eiky,
(4.9)
where we also employed the fact thatH(y, z) = H(−y, z),
as it follows from (4.2). This integral does not seem to
have a closed form, but we can evaluate it numerically as
shown in Fig. 1.
The GR solution can be obtained by taking the local
limit Ms →∞ of the integrand in (4.9). Using the iden-
tity [60],∫ ∞
0
dβ
β sh(piβ)
β2 + 9/4
Kiβ(|k|z0)Kiβ =
{
pi2
2 I 32 (|k|z)K 32 (|k|z0),
pi2
2 I 32 (|k|z0)K 32 (|k|z),
(4.10)
which holds for z < z0 and z > z0, respectively, we arrive
at the function
HGR =
2GE
z2
[
(y2+z2+z20) log
(
1+
4zz0
y2+(z−z0)2
)
−4zz0
]
.
(4.11)
This GR solution represents an impulsive gravitational
wave that is generated by a massless particle, see, for
example, [61].
It is clear that the impulsive-wave solution of GR di-
verges at the location of the particle, where it has dis-
tributional curvature. On the other hand, the non-local
Figure 1. The function H(y, z) for z0 = 1, G = 1, E = 1,
` = 1, and Ms = 4. The meshed red surface represents the
solution of IDG and the grey surface depicts the correspond-
ing solution of GR.
impulsive-wave solution of IDG is regular everywhere due
to the improved behavior of the propagator in the UV
scale. Let us remark that we could replace δ(u) by a
more realistic smooth regularization of Dirac-delta δ(u)
thanks to the linearity of equations and the independence
of the coordinate v (derivative ∂u in (3.14) never applies).
In this sense, all curvature tensors can be considered as
regular. Near the conformal infinity z = 0, the non-local
solution approaches GR.
B. Massless linear source
Let us consider a specific example of a null matter
distribution, Tuu = Ez0`
−2δ(u)δ(z−z0), for which one
can find an impulsive-wave solution in a closed form.
This particular stress-energy tensor describes a linear
null source that moves in x-direction with momentum
pµ = E(δµt + δ
µ
x ) and extends to infinity in y-direction.
The trajectory of this surface is visualized in the Poincare´
spherical model of Lobachevsky space in Fig. 2. Details
of this representation are reviewed in the Appendix B.
This choice of the source allows the profile function H
to be independent of y. Thus, the field equation takes a
simpler form
e
− z
2∂2z+2z∂z−2
M2s `
2
(
z2∂2z + 2z∂z − 2
)
H(z) = −L4δ(z − z0).
(4.12)
5t
Figure 2. The trajectory of the source at z = z0 represented
in Poincare´ spherical model of the Lobachevsky space. The
solid lines correspond to the location of the source at a given
time t. They extend from y = 0 (dashed line) toward y = ±∞
lies at the conformal infinity.
where L4 = 16piGEz0. Thanks to the absence of ∂y,
this equation can be solved directly using the heat-kernel
method [26]. After transforming the equation to the co-
ordinate w = log z and defining H˜(w) = H(ew), we can
write
H˜(w) = −L4e−w0 e
(∂2w+∂w−2)/M2s `2
∂2w + ∂w − 2
δ(w − w0)
= L4e
−w0
∫ ∞
1/M2s `
2
ds es(∂
2
w+∂w−2)δ(w − w0)
= L4e
−w0
∫ ∞
1/M2s `
2
ds e−2ses∂
2
wδ(w−w0+s)
= L4e
−w0
∫ ∞
1/M2s `
2
ds e−2s
∫
R
dw˜
e−
(w−w˜)2
4s√
4pis
δ(w˜−w0+s),
(4.13)
where we applied the shift operator es∂w on the third line
and expressed the action of es∂
2
w using the heat kernel
on the fourth line. This integral can be easily found.
Returning back to the variable z, we obtain the particular
solution of (4.12),
H(z) =
8piGE
3z2z0
[
z30 erfc
(
3
2Ms`
− Ms`
2
log
( z
z0
))
+ z3 erfc
(
3
2Ms`
+
Ms`
2
log
( z
z0
))]
,
(4.14)
which is plotted in Fig. 3.
By taking the local limit Ms →∞, we can recover the
GR solution,
HGR =
8piGEz
3z0
(
1 +
z30
z3
−
∣∣∣1− z30
z3
∣∣∣). (4.15)
local
non-local
0.5 1.0 1.5 2.0
z
-5
5
10
15
20
H(z)
Figure 3. The function H(z) for z0 = 1, G = 1, E = 1, ` = 1,
and Ms = 4. The dashed red curve denotes the solution of
IDG and the solid black curve represents the corresponding
solution of GR.
As can be easily seen, this GR solution has a discon-
tinuity and distributional curvature at the location of
the source z = z0, while the IDG solution is completely
smooth everywhere. This is again caused by the fact that
the form factor with infinite number of derivatives effec-
tively smears the delta-like distributions in the stress-
energy tensor. As before, the non-local solution ap-
proaches the GR solution near the conformal infinity
z = 0.
V. IMPULSIVE WAVES IN 2+1 DIMENSIONS
Now that we have discussed gravitational waves in
3 + 1 dimensions, let us study the solutions in 2 + 1 di-
mensions. In this section, we will not repeat details that
remain almost the same, but focus on the important dif-
ferences from the four-dimensional case.
Since the Weyl tensor is identically zero in 2 + 1 di-
mensions, the IDG action contains only the form factors
of F1(s) and F2(s). Traceless part of the source-free
field equations in three dimensions are reduced to[
1 + αc
[
− 12
`2
(
f1,0 +
f2,0
3
)
+
(
¯+ 2
`2
)
F2(¯s)
]]
×
(
¯+ 2
`2
)
λµλνH = 0,
(5.1)
Furthermore, one needs to set the form factor F2(s)
to be in the following form in order to avoid ghost-like
degrees of freedom [62]:
F2(s) = C e
−(s+ 2M2s `2 ) − 1
s + 2M2s `2
, (5.2)
where we denoted C = 1+ th(M−2s `
−2). It is also impor-
tant to note that the field equation is independent of the
6form factor F1(s). We refer the reader to [62] for the
explicit form of F1(s).
The AdS pp-wave metric in 2 + 1 dimensions is
ds2 =
`2
z2
(
2dudv + dz2
)
+ 2H(u, z)du2. (5.3)
A similar arguments to those in Sec. III could be used to
show that there are no new solutions of the homogeneous
equation. In the next section, we focus on particular
solutions in the presence of the non-zero source.
A. Massless point-like source
Consider a point-like particle moving in the posi-
tive x-direction with the momentum pµ = E(δµt + δ
µ
x )
with the stress-energy tensor Tuu = Ez
2
0`
−2δ(u)δ(z−z0).
This source together with the impulsive-wave profile
H = δ(u)H(z) lead to the equation
e
− z
2∂2z+3z∂z
M2s `
2
(
z2∂2z + 3z∂z
)
H(z) = −L3δ(z − z0), (5.4)
where L3 = 16piG3Ez
2
0/C.
By introducing w = log z, H˜(w) = H(ew), and em-
ploying the heat-kernel method, we find
H˜(w) = −L3e−w0 e
(∂2w+2∂w)/M
2
s `
2
∂2w + 2∂w
δ(w − w0)
= L3e
−w0
∫ ∞
1/M2s `
2
ds
∫
R
dw˜
e−
(w−w˜)2
4s√
4pis
δ(w˜−w0+2s),
(5.5)
which can be easily calculated. The resulting particular
solution of (5.4) is
H(z) =
4piG3Ez0
Cz2
[
z20 erfc
(
1
Ms`
− Ms`
2
log
( z
z0
))
+z2 erfc
(
1
Ms`
+
Ms`
2
log
( z
z0
))]
.
(5.6)
This function is depicted in Fig. 4.
By calculating the local limit Ms →∞, we can arrive
at the GR solution,
HGR = 4piG3Ez0
(
1 +
z20
z2
−
∣∣∣1− z20
z2
∣∣∣). (5.7)
Unlike the four-dimensional GR solution of a point-like
massless particle, which diverges, this three-dimensional
GR solution is regular but has a discontinuity at z = z0.
This discontinuity is again cured by infinite derivatives.
The IDG impulsive-wave solution is smooth everywhere.
The full solution (with the homogeneous part c1/z
2 + c2)
approaches the GR solution at the conformal infinity
z = 0. Note that the metric of the GR solution is ac-
tually just the AdS metric. This is a consequence of the
fact that the three-dimensional GR has no local degrees
local
non-local
0.0 0.5 1.0 1.5 2.0
z
5
10
15
20
25
30
H(z)
Figure 4. The function H(z) for z0 = 1, G3 = 1, E = 1, ` = 1,
and Ms = 4. The dashed red curve represents the solution
of IDG and the solid black curve depicts the corresponding
solution of GR.
of freedom [63, 64]. The spacetime, however, differs from
an empty AdS by a presence of non-trivial (global) topo-
logical defects that causes distributional curvature, which
is not present in the non-local case.
VI. CONCLUSIONS
In this paper, we studied the generalized pp-wave solu-
tions of the ghost-free infinite derivative gravity in anti-
de Sitter spacetime with the main focus on the impulsive
waves which are generated by Dirac-delta source. We ar-
gued that the source-free infinite derivative gravity does
not admit any new AdS pp-wave solutions other than
that of Einstein’s general relativity. It was demonstrated
that the non-locality described by form factors with the
infinite number of derivatives plays a role only in the
presence of a nonzero source.
We found the exact impulsive waves corresponding
to massless point-like and linear sources propagating in
four- and three-dimensional anti-de Sitter spacetimes.
It turned out that the non-localities smear all the di-
vergences and discontinuities (corresponding to distribu-
tional curvature) that are present in the local impulsive-
wave solutions. The obtained solutions of the infinite
derivative gravity are regular everywhere. They reduce
to the impulsive-waves solutions of general relativity in
the local limit Ms →∞ and in the infrared regime (near
the conformal infinity of AdS). Simply put, the solutions
get modified due to the non-local effects only in the ul-
traviolet regime, but not in the infrared regime.
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Appendix A: Equations of motion of IDG
The equations of motion following from the action
given (2.1) were found in [47]. Using a common notation
for a power of d’Alembert operator, nXα...β... ≡ Xα...β... (n),
they can be written as
Gαβ+Λgαβ+
αc
2
[
4GαβF1()R+gαβRF1()R−4
(∇α∇β−gαβ)F1()R−2Ωαβ1 +gαβ(Ω1ρρ+Ω¯1)+4RανF2()Rνβ
−gαβRνµF2()Rµν−4∇ν∇β(F2()Rνα)+2(F2()Rαβ)+2gαβ∇µ∇ν(F2()Rµν)−2Ωαβ2 +gαβ(Ω2ρρ+Ω¯2)−4∆αβ2
−gαβCµνρσF3()Cµνρσ+4CαµνσF3()Cβµνσ−4(Rµν + 2∇µ∇ν)(F3()Cβµνα)−2Ωαβ3 +gαβ(Ω3γγ+Ω¯3)− 8∆αβ3
]
= 0,
(A1)
where the symmetric tensors are
Ωαβ1 =
∞∑
n=1
f1,n
n−1∑
l=0
∇αR(l)∇βR(n−l−1), Ω¯1 =
∞∑
n=1
f1,n
n−1∑
l=0
R(l)R(n−l),
Ωαβ2 =
∞∑
n=1
f2,n
n−1∑
l=0
Rν
µ;α(l)Rµ
ν;β(n−l−1), Ω¯2 =
∞∑
n=1
f2,n
n−1∑
l=0
Rν
µ(l)Rµ
ν(n−l),
Ωαβ3 =
∞∑
n=1
f3,n
n−1∑
l=0
Cµ;α(l)νρσ Cµ
νρσ;β(n−l−1), Ω¯3 =
∞∑
n=1
f3,n
n−1∑
l=0
Cµ(l)νρσCµ
νρσ(n−l),
∆αβ2 =
1
2
∞∑
n=1
f2,n
n−1∑
l=0
[Rσ
ν(l)R(β|σ|;α)(n−l−1) −Rσν;(α(l)Rβ)σ(n−l−1)];ν ,
∆αβ3 =
1
2
∞∑
n=1
f3,n
n−1∑
l=0
[Cρν (l)σµCρ
(β|σµ|;α)(n−l−1) − Cρνσµ;(α(l)Cρβ)σµ(n−l−1)];ν .
(A2)
Appendix B: Poincare´ spherical model
Poincare´ spherical model is a compactified representation of the Lobachevsky space,
ds2 =
`2
z2
(
dx2 + dy2 + dz2
)
, (B1)
which is a spatial part of the AdS metric. The surface of the sphere is the conformal infinity. The standard conformally-
flat coordinates x, y, and z are visualized in Fig. 5.
Figure 5. Surfaces of constant x, y, and z coordinates of the Lobachevsky space depicted in the Poincare´ spherical model.
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